These estimates can be used to compare capacities of different condensers filled with nonhomogeneous dielectric [cf. Kϋhnau [3] and the literature cited there]. As a further application we derive inequalities for conformal capacity and conformal radius in the plane and similar results in higher dimensional spaces. In this direction we have results for the case where g(r) = r? β ^ m -3. They include the symmetrization results obtained by Szegδ in [7] The method presented seems to be quite general, and we believe that it might be employed also with other classes of metrics g.
1* Estimates for energy integrals* Let g(r)
be a positive continuous function for 0 < r < co and let G(r) be a primitive of g.
(r, θ l9
, θ m -i) are the polar coordinates defined in the following way: where β is the image of β by (1.1), and
where
and Dp = D -{x;\x\ -SL p}. Denote
we define
The transformation J5 -* JD* will be called the radial concentration with metric g.
Suppose that D is compact and that the rays θ = constant intersect 3D in a finite number of points r^g) < r 2 (θ) < < r 2u+1 (θ) . In the case where g(r) = r*"" 
where v = (i>i, , Vi (1.10) l(v 0 ) = linear measure of 0* Π {v = v 0 }) . DEFINITION 1.2. Let D be a domain which contains | x | ^ p. Let F(#) be a continuous function in R m such that F = 0 outside D and F = 1 in a compact subset of Z> (denoted by E) such that {| x I <: | θ} c E. Suppose that in Ω = D -E, 0 < F < 1 and that on every ray through the origin F takes every value λ, (0 < λ < 1), only a finite number of times. Let
Let D* be the ^-radial concentration of D λ and let F* be defined as follows:
(1.12)
1 in E* λ on the boundary of D*, 0 < λ < 1 0 outside D* .
(Here E* is defined as in Definition 1 except that in (1.7) 0 ^ r ^ R{θ) ) Then JF* will be called the radial concentration of F, with metric g.
The following results are proved exactly in the same way as in Proof. Consider the level line F(u, v) = λ where 0 < λ < 1 and v = v γ . Except for a finite number of λ the rays v = constant intersect the level line in a finite number of points (%, v) with
Actually we shall show that not only the total energy integral is diminished by radial concentration but even each of its infinitesimal parts between two level lines given by
Introducing λ, v as new variables we find that this infinitesimal part is given by
Because of the Schwarz inequality, (1.14) is greater than
From the monotonicity or convexity of p(u) it follows [cf. 8] Thus, by Minkowski's inequality we have that (1.14) is greater than
Since (dUj/dX) has alternating signs, the denominator of (1.15) does not vanish. The assertion follows immediately from (1.15). We now define the radial averaging transformation with metric g in the same way as it was defined in [5] for the logarithmic measure. , n), we obtain, by rotations, the symmetrization given by:
where β it y d are arbitrary numbers. Z>* is defined as in (1.7) with R replaced by R*.
It might be observed that the radial concentration (1.7) is a particular case of the radial averaging transformation, i.e., the case n=l. DEFINITION 1.4 . Let £& and A be defined as above. Suppose that D 3 is bounded. Let E 3 be a compact subset of Zλ,, which contains {\x\ <: p}. Let ^ = {F lf , F n ) be a set of functions such that each F 3 has the properties described in Definition 1.2 with respect to D Q and E 3 . We define D λ (F 3 ) as in (1.10) and Finally we define F* as in (1.12 (E 19 .-,E n 
REMARKS (1) Lemma 1.1 is contained in Theorem 1.1 for the particular case n = 1.
(2) Szegδ [7] proved (1.18) for g{r) = r m~3 and a 5 = 1/n j = 1, , n and for D ό and E 3 j -1, , n obtained from D and E by certain rotations. He assumed further that Ω is starlike and that F has starlike level surfaces.
(3) If g(r) -1/r (i.e., the logarithmic metric) and m = 2, then the results obtained here coincide with the results of [5, 4] . In this case we can obtain from (1.18) inequalities for the (conformal) capacities of cylindrical condensers with a homogeneous dielectric. By the same method we can derive from (1.18) inequalities for capacities of condensers with an inhomogeneous dielectric.
2* Estimates for capacities* In this section we describe a method by which the results of Theorem 1.1, with various metrics g, can be used to derive inequalities for condensers with homogeneous dielectrics.
Let D be a bounded domain and E a compact subset of D which contains the sphere {\x\ <£ p}. We denote as usual Ω ~ D -E. We assume that the boundary of Ω is sufficiently smooth so that Green's theorem may be used. Let C be the "inner boundary" of Ω, i.e., Ω Π E.
Consider a function ω which is continuous in R m such that ω e C\Ω), ω = 0 outside D and ω = 1 in E. Let h be defined in Ω by h = ω/q, where q is a positive function of r (0 < r <co) such that q e C 2 (0, oo). Because of the identity [n inner normal, ds surface element of C]. We now restrict our attention to the case where E -{| x \ ^ p] in which case C is the sphere (x \ = p. We also assume that co is harmonic in Ω and that q(r) is analytic for 0 < r < oo.
Let Since ω is harmonic in Ω we have 0 < co < 1 in ί2 and since q is nondecreasing 0 < h < (l/q(ρ)) in 42 with Λ = (l/q(p)) on C and A = 0 on the boundary of D. Furthermore since h is an analytic function of r on the intersection of any ray Ω = constant with β, it is clear that h satisfies all the assumptions of Lemma 1.1 (if Ω has a smooth boundary). Hence we obtain:
JΩ* JΩ
By (2.1), (2.2), (2.3), and (2.4) we get
But, again by (2.1), the right-hand side of (2.5) is equal to:
where ω** = h*q; note that ω** = 1 on C and ω** = 0 on the boundary of D*. Also, since A* is Lip in every compact subset of Ω* 9 so is ω**. Hence α>** is an admissible function for the variational definition of the capacity of the condenser ί2*; if ω' is harmonic in β* and ω f -1 on C and ω' = 0 on the boundary of Z)*, then:
where /(£*) is the capacity of £?*• (As a reference for the facts quoted here see for instance [1] and [6] .) From (2.5) and (2.6) we finally obtain
where I{Ω) is the m-dimensioyial capacity of Ω.
To sum up this result we state where Ω* = JD* -{\x\ ^ p}.
REMARK. In the previous discussion we assumed that the boundary of D is smooth; but the result of Lemma 2.1 is obtained for general domains D by the standard method of approximating a given domain by a sequence of domains with smooth boundary.
Using a result of on the connection between capacity and conformal radius, the following result is obtained as an immediate consequence of Lemma 2.1: 
The last statement of the theorem is an immediate consequence of Theorem 1.1, since in this case q -g(r)jr m~z == 1. Again, applying the result of Pόlya-Szego [6] We mention also that for g -r β~ι {β ^ 0) in the plane, the inequality (2.11) may be replaced by:
The inequality for β = 0 was proved in [5] . For β > 0, (2.11)' is obtained from ( It is possible, of course, that (2.11) is valid for other families of functions g. In fact, examining the argument that proves Lemma 2.1 and Theorem 2.1 we observe that condition (2.3) is too restrictive. This condition (part (i)) guarantees that the integral
is preserved under our transformation. But actually we need only that this integral does not decrease. Furthermore, even if (2.11) does not hold for a given metric g for every family of domains, it might hold for certain types of domains.
Finally we shall indicate an application of Theorem 1.1 concerning the harmonic radius. This notion was introduced by Hersch [2] and is defined in the following way: Let D be a domain such that the Green function g(P 9 Q) for the Laplace operator exists. The harmonic radius R Q is given by where \PQ\ is the distance between P and Q. Following [6] we can characterize R Q with the help of the capacity C ε (Q) = I \Vω \ 2 dx where The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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